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T
his column is one more in the series (1–9) dealing with the 
rigorous derivation of the expressions relating the effect of 
instrument (and other) noise to their effects to the spectra we
observe. The impetus for this column series was the realization
that the previously existing theory was deficient in that the de-

rivations extant ignored the effect of noise in the reference reading,
which turns out to have appreciable effects on the nature of the de-
rived noise behavior.

Our first column in this set (1) was an overview; the next six 
examined the effects of noise when the noise was due to constant
detector noise (for example, with infrared and near-infrared spec-
troscopy), and the last two columns began considering the effects
of noise when the noise is caused by detectors — such as photo-
multipliers — that are shot-noise limited, so that the detector noise
is Poisson-distributed and, therefore, the standard deviation of the
noise equals the square root of the signal level. The path we are tak-
ing mostly follows the one we used for the constant-detector-noise
case, and those two columns derived the effects for the case in
which the noise is small compared to the measured signal. Because
we wish to continue following that same path, we now need to con-
sider what happens when the optical signal falls to the point where
the noise becomes an appreciable fraction of the measured signal,
and the effects of the noise, such as induced nonlinearities, can no
longer be neglected.

As we do in each column in this series-within-a-series, we once
more remind our readers that we are dealing with a continuous se-
ries of columns, and so we resume our discussion by continuing our
equation numbering, figure numbering, use of symbols, and so
forth, as though no break existed. When we reuse an equation or
series of equations that were derived and presented previously, we
retain the original numbers for those equations.

In the fourth column in this series (4), which the interested
reader may wish to go back and refresh themselves about, we dis-
cussed the general descriptions of how and why the equations came
about. We noted that the point of departure for investigating what
happens when the noise level becomes large enough that it can no
longer be ignored was equation 5:

[5]

and we noted that in that case, that of Normally distributed noise,
the expected computed value of T was

[52a]

the reason being, as we pointed out, the other term that arose:
�Es/(Er + �Er), would vanish from the expression for the expected
value of T because of symmetry. In the current case, however, we
cannot rely on that argument. The Poisson distribution is not sym-
metric around any particular value, as we will observe shortly when
we present a graph of the members of the family of Poisson distrib-
utions, despite the fact that this distribution approaches the Normal
distribution in the limit as the parameter � �. However, in ad-
dition to the fact that the distribution never becomes exactly normal,
our interest in this column is specifically to examine the effects oc-
curring at small values of �. Hence, in this case we must work with
equation 5, rather than the simpler equation 52a.

We next noted that the expected value of T is computed from the
general equation for an expected value:

[59]

F(x), here, is (Es + �Es)/(Er + �Er), as we just noted. In the previ-
ous case, the weighting function was the Normal distribution. Our
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current interest is the Poisson distribution, and this is the distribu-
tion we need to use for the weighting factor. The interest in our cur-
rent development is to find out what happens when the noise is
Poisson-distributed, rather than Normally distributed, because that
is the distribution that applies to data having noise that is shot-noise
limited. Using P to represent the Poisson distribution, equation 59
now becomes

[120]

and because probability distributions have integrals that always
equal unity (reflecting the reality that the argument must have some
value every time it is evaluated, so that it is certain that some value
will be obtained over the entire range of summation; certainty of 
obtaining the value of a means that P(a) � 1). The denominator of
equation 120 vanishes, therefore, and equation 120 reduces to

[121]

The Poisson distribution is actually a special case of the binomial
distribution, a fact that is only of mild peripheral interest here, as
we will not be using that fact. The formula for the Poisson distribu-
tion is

[122]

In our terminology, the parameter � corresponds to Er or Es, the
(fixed) value of the energy to be measured, and X corresponds to
�Er or �Es, as appropriate. Therefore, equation 122 becomes

[123]

Figure 20 presents the Poisson distribution; Figure 20a shows
the distribution for integer values of � up to � � 11, and Figure 20b
shows this distribution for fractional values of � up to � � 2. Now,
one point in which the Poisson distribution differs from the Normal
distribution is the presence of the parameter �. As we show in Fig-
ure 20, different values of � give rise to different curves. Although
they all share the property that their integral is unity, they also dif-
fer in several respects. The characteristic that we draw attention to
first at this point is that the curves have different shapes. This is a
key difference from the Normal distribution; recall that, when we
integrated equation 58 where the weighting factor was the Normal
distribution, the resulting family of curves had similar shapes and
differed only in their expansion along the abscissa, which then al-
lowed describing their behavior as the same basic curve, but scaled
by the standard deviation of the underlying distribution. In the case
of the Poisson distribution, we would not expect that to happen be-
cause the different curves in the family of the Poisson distribution
have different distributions to start with. This might be expected to
give rise to a double family of curves, corresponding to different
values of standard deviation and different values of �. However, this
is obviated by the fact that for the Poisson distribution, the standard

deviation is locked to the underlying value of � and cannot vary in-
dependently. We also note, that as shown in Figure 20, the Poisson
distribution resembles the Normal distribution very closely at large
values of �, so the differences in the integral may not be easily seen
by the eye, either, except at the very lowest values of �.

Some other characteristics of the Poisson distribution differ from
the Normal distribution in ways that are important to us here. The
chief one is that the Poisson distribution does not admit negative
values. This makes intuitive sense; because the Poisson distribution
is a distribution that results from a counting operation, the smallest
number that you can achieve when counting objects is zero. We will
use this fact during the course of our derivations.

Another point is that a value of zero is indeed a legitimate value
for X. This comes from the generation of the distribution as the re-
sult of a counting operation: when counting photons in x-ray analy-
sis, for example, if the average count in any given time interval is a
small number — say, less than five — then it can happen and there
is a reasonable probability for it to happen that, in some of those
time intervals, there will in fact be no counts occurring in a given
time interval.

However, � is not restricted to integer values. Because � repre-
sents the mean value of the data — and in fact is equal to both the
mean and the variance of the distribution — there is no reason this
mean value has to be restricted to integer values, even though the
data itself is. We have already used this property of the Poisson dis-
tribution in plotting the curves in Figure 20b.

To begin the current derivation, we substitute the appropriate ex-
pressions for P(X) and F(X) into equation 121, and letting Es � TEr,
we obtain the following:
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Figure 20. Poisson distribution for several values of �. The plot in (b) is
an expansion of the plot in (a) for values of � between 0.2 and 2.
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[124]

However, equation 124 is incomplete, the cause of the incom-
pleteness being the presence of �Es in the formula. As mentioned
above, �Es is also a random variable, is independent of �Er, and we
do not expect its effect to cancel as it did with the Normal distribu-
tion. Therefore we must also compute the weighted sum over the
(also Poisson-distributed) values of �Es, which, corresponding to
the expression for the first term of equation 124, is

[125]

To investigate the behavior of equation 125, we start by investi-
gating the properties and behavior of the inner summation alone.
Therefore, let us break out that part of the equation and see that we
have 

[126]

where we have taken 1/(Er � �Er) outside the summation (because
it is not included in that summation and is therefore a constant for
the summation), and we are now using the symbol S

–
WP to indicate

the weighted averaging to be done over the sample noise term

alone. This is in itself the expected value of Es, which is thus the
product of the Poisson distribution of the sample readings multiplied
by the values of the readings. The values of Er and �Er are constant
for the summation over �Es and, therefore, mainly act as a scaling
factor; however, they also affect the values and distribution achiev-
able by the expected value because the value of Es is limited to be no
greater than Er, or equivalently, 0 �� T �� 1. The summation over
�Es, therefore, is still subject to the values of two parameters, Er and
T. Let us take a look at the behavior of this system. Figure 21 shows,
corresponding to Figure 5 (4), the Poisson distribution (for two val-
ues of �) overlaid with P(TEs) � F(TEs), and also, as shown in 
Figure 5, the cross-product of the two functions. The factor 
1/(Er � �Er) was set at unity. Because Es appears in the numerator,
F(TEs) is linear with T. These figures show how each curve in-
creases in magnitude and is shifted toward larger values of X.

Figure 22 shows more members of the family of curves de-
scribed by this function. It may be compared with Figure 20 to see
how they relate to the original Poisson distributions. Integrating the
curves in Figure 22 (by performing the indicated summation) re-
veals that those integrals equal �. In the limit of large values of �,
this behavior is obvious because, since the standard deviation of �
equals the square root of � itself, at large enough values that the
distribution becomes essentially a “spike” of unit integral at �, and
effectively zero elsewhere; when this is multiplied by the function
F(�) � �, then the unit value is multiplied by �, giving � as the
value of the integral. It is not at all obvious from Figures 20 and 21
that this same result is obtained at small values of �; however, nei-
ther is it very surprising that the expected value of Es � Es, and it is
gratifying to discover that it is so.

Given this result, we may now replace the entire inner summa-
tion in equation 126 by �, which as we have seen, is Es, and in equa-
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Figure 21. Poisson distribution multiplied by Es.
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Figure 22. Family of functions of P(S) � Es at various values of �.
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tion 125 we therefore set it equal to TEr. Therefore:

[127]

1and we may now also substitute this result in equation 125

[128]

which then simplifies to

[129]

a result we could have obtained directly (and much more simply)
simply by setting �Es � TEr in equation 124, but at that point we
had justification to do so. We are now interested in integrating equa-
tion 126; in this equation, Er corresponds to � and �Er corresponds

to X, the variable of integration (or summation, actually). Thus the
equation has two parameters that can affect the result: Er and T.
Our interest here is in the effect of Er on the nature of the com-
puted transmittance at small values of Er, therefore, we consider T
to be a constant as we integrate (sum) over values of �Er and there-
fore, for the integration, we take T outside the summation:

[130]

Equation 130 is now exactly in the form of X
–

WP � 	(P(X) � F(X))
(times a scaling factor) as we started with in equation 121, and is
now in a form that can be worked with more easily. More impor-
tantly, it is also in a form that is useful and convenient: it is in the
form of T times a multiplying factor. It now remains to find out the
nature and behavior of the multiplying factor. We will therefore now
investigate the behavior of equation 130, similarly to the way we in-
vestigated equation 126, and for that matter, the corresponding
equation 62 for the case of Normally distributed noise (4).

Therefore we start by plotting the term Er/(Er � �Er) (which we
call F(�Er)) against �Er in Figure 23, with Er as the parameter dis-
tinguishing the curves. Although Er can take noninteger values as
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Figure 24. Terms for P(�Er), F(�Er), and their product.
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described earlier, for our current discussion we will consider it hav-
ing integer values for the sake of convenience, although toward the
end we will plot it using noninteger values when this serves our
purpose. Therefore, in Figure 23 we plot the values of F(�Er) corre-
sponding to integer values of the parameter Er. One point we note is
what we might expect from the nature of the term for F(�Er) in
equation 130: as Er assumes larger values, the term Er/(Er � �Er)
becomes less sensitive to the effect of �Er, becoming flatter and
flatter as Er increases. This behavior is expected because, if we con-
sider the behavior of F(�Er) as Er becomes indefinitely large, �Er
will become negligible compared with Er, thus giving the results for
the large-signal situation that we obtained in the previous two
columns. At that point, with �Er negligible compared with Er, the
expression reduces to Er/Er which, of course, is unity.

In Figure 24 we present the plots of P(Er), F(Er), and their cross
product (as we previously did for P(Es), F(Es), and their cross prod-
uct), as functions of �Er. In Figure 25 we present the family of cross
products, for various values of the parameter Er, again correspond-
ing to our treatment of Es. Figure 25 presents this family in two
parts: Figure 25a presents the family for integer values of Er as high
as 11, while Figure 25b concentrates on the family members corre-
sponding to values of Er less than 2.0. It becomes clear that when Er
becomes small enough, the inflation of the value of the function at
small values of Er can become indefinitely large.

Finally, Figure 26 presents the multiplying factor of T from inte-
grating the terms of equation 130

as a function of Er. As we might have expected at this point, the
multiplying factor takes values above unity as Er 0, and ap-
proaches unity as Er grows large. The behavior of noise data follow-
ing the Poisson distribution differs from the behavior of that follow-
ing the Normal distribution that we observed previously, in that the
multiplying factor obtained from the Poisson distribution does not
go through a maximum and then approach zero as  Er 0,
which was the behavior we observed for the Normal distribution.
The reason for this difference is clear and is due to one of the char-
acteristics of the Poisson distribution we noted above: The Poisson
distribution does not admit negative values, while the Normal distri-
bution does. Thus, when data following the Normal distribution is

averaged, including these negative values in the averaging process
reduces the average that is computed, and the computed mean
therefore approaches zero as Er 0 at which point the data con-
tains as many negative values as positive values. Because data fol-
lowing the Poisson distribution has no negative values, this effect
cannot occur, and therefore in this case the multiplying factor 
� as Er 0.

As we noted, as Er grows large, the multiplying factor approaches
unity, as it must in order that T approach its defined value of Es/Er
for the large-signal situation.

DISCUSSION
Equation 130 and the plot of the multiplying factor presented in Fig-
ure 26 seem pretty straightforward, but in fact there is a significant
problem attendant on its application to the real world, that is, to ac-
tual measurements. We generated that equation and figure based
on the fact that Er can, in fact, take noninteger values. Because �Er
can be zero, equation 130 is prevented from diverging only by the
fact that Er is nonzero, even if it is a noninteger. In a sense, how-
ever, that is only a mathematical fiction, because in a real-world
measurement we do not know the value of Er. If we did, we would
not need to make the measurement.

In the case of a real-world measurement, however, we do not
know Er, as we said. The only quantity we know are the values of
�Er — for example, the individual readings — for which the Pois-
son distribution effectively provides us with estimates of the proba-
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bility of obtaining various val-
ues of �Er: 0, 1, 2, 3 . . . from
given values of Er (for exam-
ple, �). This represents a key
difference between the Pois-
son distribution and the Nor-
mal distribution. As we dis-
cussed at the appropriate
point in our derivations deal-
ing with the Normal distribu-
tion, a value of exactly zero is
never obtained in that case
(4). When we make an actual,
real-world measurement from
data following the Poisson dis-
tribution, the actual reading
we obtain will be one of those
values of �Er from the list 0, 1,
2, 3 . . . each time we make the
measurement. Some of the
time, the probability of which
will depend on the value of Er,
the reading will be exactly
zero, a situation that would
not actually occur when the
Normal distribution was the

operative distribution. For example, if � � 0.5, we will never, ever
obtain an actual reading of 0.5 counts; what will actually happen is
that half the measurements (or roughly 6⁄10 of the measurements, ac-
tually) will contain zero counts, and (slightly less than) half the
measurements will contain one count, and a few stragglers will con-
tain more than one count. Only the average number of counts from
many measurements will be 0.5.

In this case, putting even a single value of zero for Er into equa-
tion 6 (2), unless the measurement of the corresponding Es is also
zero (which will give a computed value for T that is undefined, in
both the mathematical and real-world senses), the computed value
of T for that reading will be infinite. Clearly, averaging together an
infinite value with any number of finite values will still result in a
computed average whose value is also infinite. 

What can we make of this situation? If we knew Er we could deal
with the real-world case. In principle we can find out Er by measur-
ing sufficiently many times and averaging together many readings
(some of which may still be zero, but that’s okay in this case). To
make those measurements, however, will take a longer time and if
we are willing to spend the time to make the measurements, we can
simply do that at the start and let the counts accumulate so that we
can work in a regime farther removed from the Er 0 situation
that is causing all this trouble in the first place.

That is certainly one solution. To measure for many short time
intervals and average together the readings certainly is, in princi-
ple, another solution, but one for which we cannot find a justifica-

Table III. Probability of obtaining
a reading of zero, for various
values of the parameter �.

� Poisson probability 
at X � 0

1 0.367879441
2 0.135335283
3 0.049787068
4 0.018315639
5 0.006737947
6 0.002478752
7 0.000911882
8 0.000335463
9 0.000123410

10 0.000045400
11 0.000016702
12 0.000006144
13 0.000002260
14 0.000000832
15 0.000000306
16 0.000000113
17 0.000000041
18 0.000000015
19 0.000000006
20 0.000000002
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tion. Perhaps some of our readers know of, or can do a thought ex-
periment to come up with, a scenario that would require many sepa-
rate short data collection sessions that would provide data that
could be averaged as we describe, but does not allow for a single
protracted measurement.

The bottom line is that the underlying reason for the problem we
ran into is the fundamental difference between a continuous (the
normal case) and a discrete (Poisson) distribution. In the first case,
values of exactly zero will never be obtained, although a value may
come arbitrarily close to zero and the difference from zero may be
unmeasurable by a particular instrument. We can argue, however,
that even in this case the measurement of an exact zero value is an
artifact of the discrete measurement levels inherent in the use of
A/D converters. As we will see, however, the solution to this diffi-
culty is the same as the solution to the creation of distortions we
found when operating at low signal-to-noise levels when the Normal
distribution is the operative one.

In any case, using single readings of Er when the individual val-
ues equal zero is not an option, due to the generation of the infinity.
However, as long as no single reading comes up with a value of
zero, then nothing is wrong with making the short-time measure-
ments and averaging together the computed values of transmit-
tance. We simply need to make sure that in any given series of read-
ings the probability of obtaining a value of zero for any reading is
small enough that it does not actually occur during our series of
readings. Toward this end we present these probabilities in Table
III, which were simply computed directly from the formula for the
Poisson distribution, for several values of �, for X � 0. From this
table, and some elementary probability theory that can be found in
virtually any book on elementary statistics or in our early columns
(collected in reference 10), interested readers can pick a value for �
that will virtually always give high enough counts that no reading
will never be zero.

In the practical matter of performing the summations indicated
for the various formulas that must be evaluated, the question arises
as to how many terms need to be included; this question is analo-
gous to the need to decide the limits of integration that was implicit
in evaluating the analogous expressions for the Normal distribu-
tion. In the case of the Poisson distribution, this is one decision that
is actually easier to make. The reason is twofold. The first reason is
that we are in fact, doing a summation. In the case of the Normal
distribution, the summation that was done was an approximation to
an integral and therefore engendered questions as to how closely
the summation we performed approximated that integral, a ques-
tion that was affected by the size of the interval used for the sum-
mations. The Poisson distribution, as equation 122 shows, is de-
fined directly as a summation, and the question of approximating an
integral does not arise.

The second reason is that the expression in the denominator of
Equation 122 contains the factorial of the term number. This factor-
ial increases much faster than any of the expressions in the numera-
tor, and therefore successive terms fairly quickly become very
small, once the term number exceeds the value of �. Hence it only
requires a relatively small number of terms for the summation to
converge to a point such that the sum of the remaining terms is less
than the precision of the computer, which with standard double-
precision number representation, is approximately 10–16. Inspection
of the values of individual terms reveals that up to � � 10, this point
is reached at the 46th term in the worst case. To gain some margin,
all computations were done using 100 terms of the summation ex-

pressed in equation 122. Again in the worst case (for example, 
� � 10), the value of the 100th term is 4.86 � 10–63.

From Table III, we see that for values of � greater than about 5,
the probability of obtaining a value of zero becomes very small.
From Figure 26 (or, strictly speaking, from the table of values from
which Figure 26 was plotted), the value of 	F(Er)P(Er) is 1.052283,
so that gives us an upper limit of approximately 5% as the amount of
distortion that we can expect to be realized in an actual measure-
ment situation.

Again, we continue our derivations in our next column.
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